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Introduction to UPIC-EMMA Maxwell Solver

Units

Units

Units

Let’s note the plasma electron frequency and the thermal electron velocity

ωp =

√
4πne,0e2

me
where ne,0 =

Nede

NxNyNz∆3

1

∆x∆y∆z

and vTh =

√
kBTe,0

me
.

Normalized quantity t r k va,` ma p
a,`

q
a

ρ

= ωt
r

∆
k∆

va,`

ω∆

ma

me

pa,`

maω∆

qa

e

ρ

en0

Normalized quantity j E B

=
j

en0∆ω

eE

meω2∆

eB

meω2∆

(∆, ω) are free parameters choosen by the user : Electrostatic units : (∆, ω) = ( vTh/ωp , ωp )
Electromagnetic units : (∆, ω) = ( c/ωp , ωp )
LPI units : (∆, ω) = ( c/ωL , ωL )
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Introduction to UPIC-EMMA Maxwell Solver

Units

OSIRIS versus UPIC-EMMA units

Electrical Charge and Current Deposit

ρ =
∑

a=e, i

Na∑
`=1

q
a
wf S

3
a

[
r − ra,` (t)

]
and j =

∑
a=e, i

Na∑
`=1

q
a
wf va,` (t) S3

a

[
r − ra,` (t)

]
where wf =

1

n0∆3

Maxwell Equations

Maxwell-Gauss : ∇ · E = af ρ Maxwell-Faraday :
∂B

∂t
= − c∇× E

Maxwell-Thomson : ∇ · B = 0 Maxwell-Ampere :
∂E

∂t
= c∇× B − af j

where c =
c

ω∆
and af =

ω0
2

ω2
with ω0 =

√√√√ 4πn0e
2

me

Macro particle pusher

dra,`

dt
= va,` (t) =

p
a,`

(t)

γa,` (t)

dp
a,`

dt
=

q
a

ma

(
E +

va,`

c
× B

)

OSIRIS choice

af = 1 ⇔ n0 =
meω

2

4πe2
and wf =

1

n0∆3

UPIC-EMMA choice

wf = 1 ⇔ n0 =
1

∆3
and af =

4πe2

meω2∆3
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Introduction to UPIC-EMMA Maxwell Solver

Units

Longitudinal and Transverse components Splitting

Longitudinal and Transverse components Splitting

Let us note
E = EL + ET and j = j

L
+ j

T

where

{
∇ · ET = 0
∇ × EL = 0

and

{ ∇ · j
T

= 0

∇ × j
L

= 0

Maxwell equations with UPIC-EMMA units

Maxwell-Gauss : ∇ · EL = af ρ and ∇ · ET = 0

Maxwell-Thomson : ∇ · B = 0

Maxwell-Faraday :
∂B

∂t
= − c∇× ET and ∇× EL = 0

Maxwell-Ampere :
∂ET

∂t
= c∇× B− af jT and

∂EL

∂t
= −af jL
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Introduction to UPIC-EMMA Maxwell Solver

Spectral Method

Spectral Method (1)

Continuous and Lx , Ly and Lz -Periodic Solutions : Fourier series

∀F ∈
{
ρ, j, E, B

}
F (r, t) =

∞∑
p=−∞

∞∑
q=−∞

∞∑
r=−∞

F̂
p,q,r

(t) exp
[
ι
(
kp
xx + kq

yy + k r
zz
)]

where

F̂
p,q,r

(t) =
1

Lx

1

Ly

1

Lz

∫ Lx

0
dx

∫ Ly

0
dy

∫ Lz

0
dz F (r, t) exp

[
−ι
(
kp
xx + kq

yy + k r
zz
)]

and

∀ (p, q, r) ∈ N3, kp,q,r =

 kp
x

kq
y

k r
z

 =

 2π (p − 1) /∆x
2π (q − 1) /∆y

2π (r − 1) /∆z

 .

All Electromagnetic Modes (Ep,q,r , Bp,q,r ) are given now by Maxwell Equations with...

∇ → ιkp,q,r

(ideal method for Linear Partial Differential Equations)
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Introduction to UPIC-EMMA Maxwell Solver

Spectral Method

Spectral Method (2)

Discretization of space and time

Let us note Nx = Lx/∆x , Ny = Ly/∆y ,Nz = Lz/∆z , tn = (n − 1) ∆t and

∀ (i , j , k) ∈ [1, Nx ]× [1, Ny ]× [1, Nz ] , ri,j,k =

 x i
y
j

zk

 =

 (i − 1) ∆x
(j − 1) ∆y

(r − 1) ∆z

 .

Discrete and Lx , Ly and Lz -Periodic Solutions : Discrete Fourier Transform (DFT)

F i,j,k,n = F
(
ri,j,k , tn

)
=

DFT

Nx∑
p=1

Ny∑
q=1

Nz∑
r=1

F̂
p,q,r,n

exp
[
ι
(
kp
xx i + kq

yy j
+ k r

zzk

)]

and F̂
p,q,r,n

=
IDFT

1

Nx

1

Ny

1

Nz

Nx∑
i=1

Ny∑
q=1

Nz∑
r=1

F i,j,k,n exp
[
−ι
(
kp
xx i + kq

yy j
+ k r

zzk

)]
that becomes 2π/∆x , 2π/∆y and 2π/∆z -periodic along the kx , ky and kz -direction.

⇒ kNyquist =

(
k

1+ Nx
2

x , k
1+

Ny
2

y , k
1+ Nz

2
z

)
=

(
π

∆x

,
π

∆y

,
π

∆z

)
= highest mode.
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UPIC-EMMA Maxwell Solver

UPIC-EMMA Maxwell Solver (1)

UPIC-EMMA Maxwell Solver

Ê
p,q,r,n+1

L = −
ιkp,q,r

kp,q,r
2
af ρ̂

p,q,r,n+1

ĵ
p,q,r,n+1/2

T
= ĵ

p,q,r,n+1/2 − ĵ
p,q,r,n+1/2

L
with ĵ

p,q,r,n+1/2

L
=

kp,q,r

kp,q,r
2
kp,q,r · ĵ

p,q,r,n+1/2



B̂
p,q,r,n+1/2

= B̂
p,q,r,n −

∆t

2
c
(
ιkp,q,r

)
× Ê

p,q,r,n

T

Ê
p,q,r,n+1

T = Ê
p,q,r,n

T + ∆t c
(
ιkp,q,r

)
× B̂

p,q,r,n+1/2

− ∆t af ĵ
p,q,r,n+1/2

T

B̂
p,q,r,n+1

= B̂
p,q,r,n+1/2 −

∆t

2
c
(
ιkp,q,r

)
× Ê

p,q,r,n+1

T

without forgetting


ιkp,q,r · E

p,q,r,n
T

= 0

ιkp,q,r · j
p,q,r,n+ 1

2
T

= 0

ιkp,q,r · B
p,q,r,n+ 1

2 = 0

⇒ ∀(p, q, r) 6= 1,



E
p,1,1,n
T,x

= E
1,q,1,n
T,y

= E
1,1,r,n
T,z

= 0

j
p,1,1,n+ 1

2
T,x

= j
1,q,1,n+ 1

2
T,y

= j
1,1,r,n+ 1

2
T,z

= 0

B
p,1,1,n+ 1

2
x = B

1,q,1,n+ 1
2

y = B
1,1,r,n+ 1

2
z = 0

.
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UPIC-EMMA Maxwell Solver

UPIC-EMMA Maxwell Solver (2)

Deduced Numerical Helmoltz Equations

Ê
p,q,r,n+1
T

− 2Ê
p,q,r,n
T

+ Ê
p,q,r,n−1
T

∆t
2

+ kp,q,r
2c2 Ê

p,q,r,n
T

= −af

ĵ
p,q,r,n+ 1

2
T

− ĵ
p,q,r,n− 1

2
T

∆t

B̂
p,q,r,n+ 3

2 − 2B̂
p,q,r,n+ 1

2 + B̂
p,q,r,n− 1

2

∆t
2

+ kp,q,r
2c2B̂

p,q,r,n+ 1
2

T
= af c

(
ιkp,q,r

)
× ĵ

p,q,r,n+ 1
2

T

Deduced Stability Condition

∆t ≤
√

2/
∣∣∣kNyquist

∣∣∣ c.
SLIGHTLY MORE RESTRICTIVE THAN THE YEE SCHEME CFL CONDITION!
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UPIC-EMMA Maxwell Solver

UPIC-EMMA Maxwell Solver (3)

Electromagnetic Fields Initialization : Darwin Fields

Ê
p,q,r,0

L = −
ιkp,q,r

kp,q,r
2
af ρ̂

p,q,r,0,

ĵ
p,q,r,0

T
= ĵ

p,q,r,0 − ĵ
p,q,r,0

L
with ĵ

p,q,r,0

L
=

kp,q,r

kp,q,r
2
kp,q,r · ĵ

p,q,r,0
,

∂̂j
T

∂t

∣∣∣∣∣
p,q,r,0

=
∂̂j

∂t

∣∣∣∣∣
p,q,r,0

−
∂̂j

L

∂t

∣∣∣∣∣
p,q,r,0

with
∂̂j

L

∂t

∣∣∣∣∣
p,q,r,0

=
kp,q,r

kp,q,r
2
kp,q,r ·

∂̂j

∂t

∣∣∣∣∣
p,q,r,0

and
B̂
p,q,r,0

=
af

c

1

kp,q,r
2

(
ιkp,q,r

)
× ĵ

p,q,r,0

T

Ê
p,q,r,0

T = −
af

c2

1

kp,q,r
2

∂̂j
T

∂t

∣∣∣∣∣
p,q,r,0 �


∇× B̂ =

af

c
ĵ +

1

c

∂ÊL

∂t

∇× ÊT = −
1

c

∂B̂

∂t

without forgetting

∀(p, q, r) 6= 1,

{
Ep,1,1,0

T ,x = E1,q,1,0
T ,y = E1,1,r,0

T ,z = 0

Bp,1,1,0
x = B1,q,1,0

y = B1,1,r,0
z = 0

.
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Emulation of a Finite Difference Scheme

Yee Scheme

Yee Scheme with an order of acuracy N = 2s - Magnetic Field Update

Yee Scheme with an order of acuracy N = 2s - Magnetic Field Update



B
i,j− 1

2
,k− 1

2
,n+ 1

2
x − B

i,j− 1
2
,k− 1

2
,n− 1

2
x

∆t

= c
s∑

m=1

Cm

E
i,j− 1

2
,k+m−1,n

T,y − E
i,j− 1

2
,k−m,n

T,y

∆z

− c
s∑

m=1

Cm

E
i,j+m−1,k− 1

2
,n

T,z − E
i,j−m,k− 1

2
,n

T,z

∆y

B
i− 1

2
,j,k− 1

2
,n+ 1

2
y − B

i− 1
2
,j,k− 1

2
,n− 1

2
y

∆t

= c
s∑

m=1

Cm

E
i+m−1,j,k− 1

2
,n

T,z − E
i−m,j,k− 1

2
,n

T,z

∆x

− c
s∑

m=1

Cm

E
i− 1

2
,j,k+m−1,n

T,x − E
i− 1

2
,j,k−m,n

T,x

∆z

B
i− 1

2
,j− 1

2
,k,n+ 1

2
z − B

i− 1
2
,j− 1

2
,k,n− 1

2
z

∆t

= c
s∑

m=1

Cm

E
i− 1

2
,j+m−1,k,n

T,x − E
i− 1

2
,j−m,k,n

T,x

∆y

− c
s∑

m=1

Cm

E
i+m−1,j− 1

2
,k,n

T,y − E
i−m,j− 1

2
,k,n

T,y

∆x

with

Cm =
1

2m − 1

s∏
l=1
l 6=m

(2l − 1)2

(2l − 1)2 − (2m − 1)2
.
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Emulation of a Finite Difference Scheme

Yee Scheme

Yee Scheme with an order of acuracy N = 2s - Electric Field Update

Yee Scheme with an order of acuracy N = 2s - Electric Field Update



E
i− 1

2
,j,k,n+1

T,x
− E

i− 1
2
,j,k,n

T,x

∆t

= −af j
i− 1

2
,j,k,n+ 1

2
T,x

+ c
s∑

m=1

Cm
B
i− 1

2
,j− 1

2
+m,k,n+ 1

2
z − B

i− 1
2
,j− 1

2
−m+1,k,n+ 1

2
z

∆y

− c
s∑

m=1

Cm
B
i− 1

2
,j,k− 1

2
+m,n+ 1

2
y − B

i− 1
2
,j,k− 1

2
−m+1,n+ 1

2
y

∆z

E
i,j− 1

2
,k,n+1

T,y
− E

i,j− 1
2
,k,n

T,y

∆t

= −af j
i,j− 1

2
,k,n+ 1

2
T,y

= c
s∑

m=1

Cm
B
i,j− 1

2
,k− 1

2
+m,n+ 1

2
x − B

i,j− 1
2
,k− 1

2
−m+1,n+ 1

2
x

∆z

− c
s∑

m=1

Cm
B
i− 1

2
+m,j− 1

2
,k,n− 1

2
z − B

i− 1
2
−m+1,j− 1

2
,k,n+ 1

2
z

∆x

E
i,j,k− 1

2
,n+1

T,z
− E

i,j,k− 1
2
,n

T,z

∆t

= −af j
i,j,k− 1

2
,n+ 1

2
T,z

= c
s∑

m=1

Cm
B
i− 1

2
+m,j,k− 1

2
,n+ 1

2
y − B

i− 1
2
−m+1,j,k− 1

2
,n+ 1

2
y

∆x

− c
s∑

m=1

Cm
B
i,j− 1

2
+m,k− 1

2
,n+ 1

2
x − B

i,j− 1
2
−m+1,k− 1

2
,n+ 1

2
x

∆y
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Emulation of a Finite Difference Scheme

Implementation in a Spectral Solver

Implementation in a Spectral Solver (1)

Inverse Discrete Fourier Transform (IDFT) of B field equations



B̂p,q,r,n+ 1
2

x e
−ι
(
θ
q
y +θrz

) −
B̂p,q,r,n− 1

2
x e

−ι
(
θ
q
y +θrz

)
∆t

= ι
{
krz

}
c e
−ιθrz

[
Ê
p,q,r,n
T,y

e
−ιθqy

]
− ι

{
kqy

}
c e
−ιθqy

[
E
p,q,r,n
T,z

e
−ιθrz

]
B̂p,q,r,n+ 1

2
y e

−ι
(
θ
p
x +θrz

) −
B̂p,q,r,n− 1

2
y e

−ι
(
θ
p
x +θrz

)
∆t

= ι
{
kpx

}
c e−ιθ

p
x
[
Ê
p,q,r,n
T,z

e
−ιθrz

]
− ι

{
krz

}
c e
−ιθrz

[
Ê
p,q,r,n
T,x

e−ιθ
p
x
]

B̂p,q,r,n+ 1
2

z e
−ι
(
θ
p
x +θ

q
y

) −
B̂p,q,r,n− 1

2
z e

−ι
(
θ
p
x +θ

q
y

)
∆t

= ι
{
kqy

}
c e
−ιθqy

[
Ê
p,q,r,n
T,x

e−ιθ
p
x
]

− ι
{
kpx

}
c e−ιθ

p
x
[
Ê
p,q,r,n
T,y

e
−ιθqy

]

with



{
kpx

}
=

s∑
m=1

Cm

sin
[

(2m − 1) kpx ∆x/2
]

∆x/2{
kqy

}
=

s∑
m=1

Cm

sin
[

(2m − 1) kqy ∆y/2
]

∆y/2{
krz

}
=

s∑
m=1

Cm

sin
[

(2m − 1) krz∆z/2
]

∆z/2

and


θ
p
x = k

p
x ∆x/2

θ
q
y = k

q
y ∆y/2

θrz = krz∆z/2

.
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Emulation of a Finite Difference Scheme

Implementation in a Spectral Solver

Implementation in a Spectral Solver (1)

Inverse Discrete Fourier Transform (IDFT) of B field equations



B̂p,q,r,n+ 1
2

x ����
e
−ι
(
θ
q
y +θrz

) −
B̂p,q,r,n− 1

2
x ����

e
−ι
(
θ
q
y +θrz

)
∆t

= ι
{
krz

}
c���
e
−ιθrz

[
Ê
p,q,r,n
T,y ���

e
−ιθqy

]

− ι
{
kqy

}
c���
e
−ιθqy

[
E
p,q,r,n
T,z

���
e
−ιθrz

]
B̂p,q,r,n+ 1

2
y ����

e
−ι
(
θ
p
x +θrz

) −
B̂p,q,r,n− 1

2
y ����

e
−ι
(
θ
p
x +θrz

)
∆t

= ι
{
kpx

}
c�

��
e−ιθ

p
x
[
Ê
p,q,r,n
T,z

���
e
−ιθrz

]
− ι

{
krz

}
c���
e
−ιθrz

[
Ê
p,q,r,n
T,x ���

e−ιθ
p
x

]
B̂p,q,r,n+ 1

2
z ����

e
−ι
(
θ
p
x +θ

q
y

) −
B̂p,q,r,n− 1

2
z ����

e
−ι
(
θ
p
x +θ

q
y

)
∆t

= ι
{
kqy

}
c���
e
−ιθqy

[
Ê
p,q,r,n
T,x ���

e−ιθ
p
x

]

− ι
{
kpx

}
c���
e−ιθ

p
x

[
Ê
p,q,r,n
T,y �

��
e
−ιθqy

]

where



{
kpx

}
=

s∑
m=1

Cm

sin
[

(2m − 1) kpx ∆x/2
]

∆x/2{
kqy

}
=

s∑
m=1

Cm

sin
[

(2m − 1) kqy ∆y/2
]

∆y/2{
krz

}
=

s∑
m=1

Cm

sin
[

(2m − 1) krz∆z/2
]

∆z/2

and


θ
p
x = k

p
x ∆x/2

θ
q
y = k

q
y ∆y/2

θrz = krz∆z/2

.
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Emulation of a Finite Difference Scheme

Implementation in a Spectral Solver

Implementation in a Spectral Solver (2)

Inverse Discrete Fourier Transform (IDFT) of E field equations



[
Ê

p,q,r,n+1

T,x e−ιθ
p
x
]
−
[
Ê

p,q,r,n

T,x e−ιθ
p
x
]

∆t

= −af
[
ĵ
p,q,r,n+ 1

2
T,x

e−ιθ
p
x

]
− ι

{
k r
z

}
c eιθ

r
z

[
B̂

p,q,r,n+ 1
2

y e−ι(θ
p
x +θrz )

]
+ ι

{
kq
y

}
c eιθ

q
y

[
B

p,q,r,n+ 1
2

z e−ι(θ
p
x +θ

q
y )
]

[
Ê

p,q,r,n+1

T,y e−ιθ
q
y
]
−
[
Ê

p,q,r,n

T,y e−ιθ
q
y
]

∆t

= −af
[
ĵ
p,q,r,n+ 1

2
T,y

e−ιθ
q
y

]
− ι

{
kp
x

}
c eιθ

p
x

[
B̂

p,q,r,n+ 1
2

z e−ι(θ
p
x +θ

q
y )
]

+ ι
{
k r
z

}
c eιθ

r
z

[
B̂

p,q,r,n+ 1
2

x e−ι(θ
q
y +θrz )

]
[
Ê

p,q,r,n+1

T,z e−ιθ
r
z
]
−
[
Ê

p,q,r,n

T,z e−ιθ
r
z
]

∆t

= −af
[
ĵ
p,q,r,n+ 1

2
T,z

e−ιθ
r
z

]
− ι

{
kq
y

}
c eιθ

q
y

[
B̂

p,q,r,n+ 1
2

x e−ι(θ
q
y +θrz )

]
+ ι

{
kp
x

}
eιθ

p
x c

[
B̂

p,q,r,n+ 1
2

y e−ι(θ
p
x +θrz )

]

.
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Emulation of a Finite Difference Scheme

Implementation in a Spectral Solver

Implementation in a Spectral Solver (2)

Inverse Discrete Fourier Transform (IDFT) of E field equations



[
Ê

p,q,r,n+1

T,x ���
e−ιθ

p
x

]
−
[
Ê

p,q,r,n

T,x ���
e−ιθ

p
x

]
∆t

= −af
[
ĵ
p,q,r,n+ 1

2
T,x ���

e−ιθ
p
x

]
− ι

{
k r
z

}
c��eιθ

r
z

[
B̂

p,q,r,n+ 1
2

y ����
e−ι(θ

p
x +θrz )

]
+ ι

{
kq
y

}
c��e
ιθ

q
y

[
B

p,q,r,n+ 1
2

z ����
e−ι(θ

p
x +θ

q
y )
]

[
Ê

p,q,r,n+1

T,y ���
e−ιθ

q
y

]
−
[
Ê

p,q,r,n

T,y ���
e−ιθ

q
y

]
∆t

= −af
[
ĵ
p,q,r,n+ 1

2
T,y ���

e−ιθ
q
y

]
− ι

{
kp
x

}
c��e
ιθ

p
x

[
B̂

p,q,r,n+ 1
2

z ����
e−ι(θ

p
x +θ

q
y )
]

+ ι
{
k r
z

}
c��eιθ

r
z

[
B̂

p,q,r,n+ 1
2

x ����
e−ι(θ

q
y +θrz )

]
[
Ê

p,q,r,n+1

T,z ���
e−ιθ

r
z

]
−
[
Ê

p,q,r,n

T,z ���
e−ιθ

r
z

]
∆t

= −af
[
ĵ
p,q,r,n+ 1

2
T,z �

��
e−ιθ

r
z

]
− ι

{
kq
y

}
c��e
ιθ

q
y

[
B̂

p,q,r,n+ 1
2

x ����
e−ι(θ

q
y +θrz )

]
+ ι

{
kp
x

}
��e
ιθ

p
x c

[
B̂

p,q,r,n+ 1
2

y ����
e−ι(θ

p
x +θrz )

]

.
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Emulation of a Finite Difference Scheme

Implementation in a Spectral Solver

Outline

1 Introduction to UPIC-EMMA Maxwell Solver
UPIC framework
UPIC-EMMA
Units
Spectral Method
UPIC-EMMA Maxwell Solver

2 Emulation of a Finite Difference Scheme
Yee Scheme
Implementation in a Spectral Solver
2D Academic Case : Cylindrical wave

3 Absorbing Boundary Conditions
Perfectly Matched Layer (PML) Technique for Finite Difference Schemes
Implementation in a Spectral Solver
Implicit Scheme
2D Academic Case : Cylindrical Waves

24/39



Integrating UPIC Algorithms into OSIRIS - Introduction to Spectral Methods in PIC codes

Emulation of a Finite Difference Scheme

2D Academic Case : Cylindrical wave

Initialization

Nominal Simulation Parameters

2D

Periodic boundary conditions

Electromagnetic units (c = 1)

4 MPI nodes and 2 OpenMP threads per node

Lx = Ly = 128

LPML = 30

∆x = ∆y = 1

Lt = 128

af = 1

Electrical Current Density Initialization and Expected Solutions

j
i,j,k,n
T

=

 j
0

sin
(
ω0tn

)
ez if

{
63 ≤ xi ≤ 65
63 ≤ y

j
≤ 65

0 else

with ω0 = 1 and j
0

= −10.

⇒



E
i,j,k,n
T,r

= 0

E
i,j,k,n
T,z

≈∣∣∣ri,j,k−r0

∣∣∣�1

E0√∣∣∣ri,j,k − r0

∣∣∣ cos
(
ω0tn − k0

∣∣∣ri,j,k − r0

∣∣∣)

B
i,j,k,n
r ≈∣∣∣ri,j,k−r0

∣∣∣�1

E0√∣∣∣ri,j,k − r0

∣∣∣ sin
(
ω0tn − k0

∣∣∣ri,j,k − r0

∣∣∣)

B
i,j,k,n
z = 0

with E0 = af j0
/ω0 = 10, r0 = (64, 64) and k0 = ω0/c = 1.
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Integrating UPIC Algorithms into OSIRIS - Introduction to Spectral Methods in PIC codes

Emulation of a Finite Difference Scheme

2D Academic Case : Cylindrical wave

FTFD order 2 - Yee versus Spectrally Emulated

Figure 1: Ez (left), Bx (middle) and By (right) in log scale (top) and emulated (bottom)
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Emulation of a Finite Difference Scheme

2D Academic Case : Cylindrical wave

Emulated FTFD order N = 128 versus Spectral

Figure 2: FTFD-128 Ez (left), Bx (middle) and By (right) in log scale (top) and spectral (bottom)
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Emulation of a Finite Difference Scheme

2D Academic Case : Cylindrical wave

Outline

1 Introduction to UPIC-EMMA Maxwell Solver
UPIC framework
UPIC-EMMA
Units
Spectral Method
UPIC-EMMA Maxwell Solver

2 Emulation of a Finite Difference Scheme
Yee Scheme
Implementation in a Spectral Solver
2D Academic Case : Cylindrical wave

3 Absorbing Boundary Conditions
Perfectly Matched Layer (PML) Technique for Finite Difference Schemes
Implementation in a Spectral Solver
Implicit Scheme
2D Academic Case : Cylindrical Waves
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Absorbing Boundary Conditions

Perfectly Matched Layer (PML) Technique for Finite Difference Schemes

Absorbing boundary conditions (1)

Michael D. Meyers Idea

The spectral solver remains exact if we dump the electromagnetic fields in the grey
regions of thickness δ according to the Perfectly Matched Layers (PML) method

developed for Finite Difference schemes such that the electromagnetic fields vanishes
at the simulation box boundaries.

∀j ∈ [1, Ny ] , ∀k ∈ [1, Nz ] , E1,j,k,n = ENx ,j,k,n = 0,
∀i ∈ [1, Nx ] , ∀j ∈ [1, Ny ] , Ei,j,1,n = Ei,j,Nz ,n = 0 and
∀k ∈ [1, Nz ] , ∀i ∈ [1, Nx ] , Ei,1,k,n = Ei,Ny ,k,n = 0.
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Absorbing Boundary Conditions

Perfectly Matched Layer (PML) Technique for Finite Difference Schemes

Absorbing boundary conditions (2)

PML method

1 Dumping terms are added into Maxwell-Ampere and Maxwell-Faraday :

∂ET

∂t
+ σ · ET = c∇× B− af jT and

∂B

∂t
+ σ
∗ · B = −c∇× ET

2 Each component of the electromagnetic field is split into two parts : ET,x = Exy + Exz

ET,y = Eyz + Eyx

ET,z = Ezx + Ezy

and

 Bx = Bxy + Bxz

By = Byz + Byx

Bz = Bzx + Bzy

and we have to solve the PML equations

∂t Exy + σy (y) Exy = +∂y B
PML
z

∂t Exz + σz (z) Exz = −∂z BPML
y

∂t Eyz + σz (z) Eyz = +∂z B
PML
x

∂t Eyx + σx (x) Eyx = −∂x BPML
z

∂t Ezx + σx (x) Ezx = +∂x B
PML
y

∂t Ezy + σy (y) Ezy = −∂y BPML
x

and



∂t Bxy + σ∗y (y) Bxy = −∂y EPML
z

∂t Bxz + σ∗z (z) Bxz = +∂z E
PML
y

∂t Byz + σ∗z (z) Byz = −∂z EPML
x

∂t Byx + σ∗x (x) Byx = +∂x E
PML
z

∂t Bzx + σ∗x (x) Bzx = −∂x EPML
y

∂t Bzy + σ∗y (y) Bzy = +∂y E
PML
x

with σ∗ξ (ξ) = σξ(ξ) = σm(|ξ − ξI |/δ)n (ξ = ξI ≡ PML medium / simulation box interface)

Remark : σξ and σ∗ξ depends on ξ ⇒ The PML Equations are not linear!
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Absorbing Boundary Conditions

Perfectly Matched Layer (PML) Technique for Finite Difference Schemes

Absorbing boundary conditions (3)

PML Equations - Yee scheme - Electric field update



E
i−1/2,j,k,n+1
xy = α

j
y E

i−1/2,j,k,n
xy − γi,j,ky j

i−1/2,j,k,n+1/2
T,x

/2

+ β
j
y

s∑
m=1

Cm

(
Bi−1/2,j−1/2+m,k,n+1/2
z − Bi−1/2,j−1/2−m+1,k,n+1/2

z

)
E
i−1/2,j,k,n+1
xz = αk

z E
i−1/2,j,k,n
xz − γi,j,kz j

i−1/2,j,k,n+1/2
T,x

/2

− βkz

s∑
m=1

Cm

(
Bi−1/2,j,k−1/2+m,n+1/2
y − Bi−1/2,j,k−1/2−m+1)/2,n+1/2

y

)
E
i,j−1/2,k,n+1
yz = αk

z E
i,j−1/2,k,n
yz − γi,j,kz j

i−1/2,j,k,n+1/2
T,y

/2

+ βkz

s∑
m=1

Cm

(
Bi,j−1/2,k−1/2+m,n+1/2
x − Bi,j−1/2,k−1/2−m+1,n+1/2

x

)
E
i,j−1/2,k,n+1
yx = αi

x E
i,j−1/2,k,n
yx − γi,j,kx j

i−1/2,j,k,n+1/2
T,y

/2

− βix

s∑
m=1

Cm

(
Bi−1/2+m,j−1/2,k,n+1/2
z − Bi−1/2−m+1,j−1/2,k,n+1/2

z

)
E
i,j,k−1/2,n+1
zx = αi

x E
i,j,k−1/2,n
zx − γi,j,kx j

i−1/2,j,k,n+1/2
T,z

/2

+ βix

s∑
m=1

Cm

(
Bi−1/2+m,j,k−1/2,n+1/2
y − Bi−1/2−m+1,j,k−1/2,n+1/2

y

)
E
i,j,k−1/2,n+1
zy = α

j
y E

i,j,k−1/2,n
zy − γi,j,ky j

i−1/2,j,k,n+1/2
T,z

/2

− β
j
y

s∑
m=1

Cm

(
Bi,j−1/2+m,k−1/2,n+1/2
x − Bi,j−1/2−m+1,k−1/2,n+1/2

x

)

with ∀ξ ∈ {x, y, z}, αi,j,k
ξ

=
1 − σi,j,k

ξ
∆t/2

1 + σ
i,j,k
ξ

∆t/2
, β

i,j,k
ξ

=
c ∆t/∆ξ

1 + σ
i,j,k
ξ

/2
and γ

i,j,k
ξ

=
c ∆t

1 + σ
i,j,k
ξ

/2

31/39



Integrating UPIC Algorithms into OSIRIS - Introduction to Spectral Methods in PIC codes

Absorbing Boundary Conditions

Perfectly Matched Layer (PML) Technique for Finite Difference Schemes

Absorbing boundary conditions (4)

PML Equations - Yee scheme - Magnetic field update



B
i,j−1/2,k−1/2,n+1/2
xy = α

∗j−1/2
y B

i,j−1/2,k−1/2,n−1/2
xy

− β
∗j+1
y

s∑
m=1

Cm

(
Ei,j+m−1,k−1/2,n
z − Ei,j−m,k−1/2,n

z

)
B
i,j−1/2,k−1/2,n+1/2
xz = α

∗k−1/2
z B

i,j−1/2,k−1/2,n−1/2
xz

+ β
∗k−1/2
z

s∑
m=1

Cm

(
Ei,j−1/2,k+m−1,n
y − Ei,j−1/2,k−m,n

y

)
B
i−1/2,j,k−1/2,n+1/2
yz = α

∗k−1/2
z B

i−1/2,j,k−1/2,n−1/2
yz

− β
∗k−1/2
z

s∑
m=1

Cm

(
Ei−1/2,j,k+m−1,n
x − Ei−1/2,j,k−m,n

x

)
B
i−1/2,j,k−1/2,n+1/2
yx = α

∗i−1/2
x B

i−1/2,j,k−1/2,n−1/2
yx

+ β
∗i−1/2
x

s∑
m=1

Cm

(
Ei+m−1,j,k−1/2,n
z − Ei−m,j,k−1/2,n

z

)
B
i−1/2,j−1/2,k,n+1/2
zx = α

∗i−1/2
x B

i−1/2,j−1/2,k,n−1/2
zx

− β
∗i−1/2
x

s∑
m=1

Cm

(
Ei+m−1,j−1/2,k,n
y − Ei−m,j−1/2,k,n

y

)
B
i−1/2,j−1/2,k,n+1/2
zy = α

∗j−1/2
y B

i−1/2,j−1/2,k,n−1/2
zy

+ β
∗j−1/2
y

s∑
m=1

Cm

(
Ei−1/2,j+m−1,k,n
x − Ei−1/2,j−m,k,n

x

)

with ∀ξ ∈ {x, y, z}, α∗i,j,k
ξ

=
1 − σ∗i,j,k

ξ
∆t/2

1 + σ
∗i,j,k
ξ

∆t/2
, β
∗i,j,k
ξ

=
c ∆t/∆ξ

1 + σ
∗i,j,k
ξ

∆t/2
.
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Absorbing Boundary Conditions

Implementation in a Spectral Solver

Implementation in a Spectral Solver

Implementation in a Spectral Solver

0 Êp,q,r,0
xy = Êp,q,r,0

xz = Êp,q,r,0
x /2, Êp,q,r,0

yx = Êp,q,r,0
yz = Êp,q,r,0

y /2 etc...

1 B̂p,q,r,n+1/2,∗ = B̂p,q,r,n,∗ −
∆t

2
c
(
ιkp,q,r

)
× Ê

p,q,r,n
T

2


B̂
p,q,r,n+1/2
ξζ

= IDFT


1

1 + σ
i,j,k
ζ

∆t/2
DFT

{
B̂
p,q,r,n+1/2,∗
ξζ

}i,j,k


p,q,r

Ê
p,q,r,n,∗
ξζ

= IDFT

{(
1 − σi,j,k

ζ
∆t/2

)
DFT

{
Ê
p,q,r,n
ξζ

}i,j,k}p,q,r

3 Ê
p,q,r,n+1,∗
T

= Ê
p,q,r,n,∗
T

+ ∆t c
(
ιkp,q,r

)
× B̂p,q,r,n+1/2 − ∆t af ĵ

p,q,r,n+1/2
T

4


Ê
p,q,r,n+1
ξζ

= IDFT


1

1 + σ
i,j,k
ζ

∆t/2
DFT

{
Ê
p,q,r,n+1,∗
ξζ

}i,j,k
p,q,r

B̂
p,q,r,n+1/2,∗
ξζ

= IDFT

{(
1 − σi,j,k

ζ
∆t/2

)
DFT

{
B̂
p,q,r,n−1/2
ξζ

}i,j,k
}p,q,r

5
B̂p,q,r,n+1,∗ = B̂p,q,r,n+1/2,∗ −

∆t

2
c
(
ιkp,q,r

)
× Ê

p,q,r,n+1
T

6 B̂
p,q,r,n+1
ξζ

= IDFT


1

1 + σ
i,j,k
ζ

∆t/2
DFT

{
B̂
p,q,r,n+1,∗
ξζ

}i,j,k
p,q,r

7 Êp,q,r,n+1
x = Êp,q,r,n+1

xz + Êp,q,r,n+1
xy , Êp,q,r,n+1

y = Êp,q,r,n+1
yx + Êp,q,r,n+1

yz etc...

Steps 1, 3 and 5 actually concerns the splitted PML components Êp,q,r,n
xy , Êp,q,r,0

xz etc... and NOT the common fields!

It has been written like this just for illustrating the scheme more efficiently.
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Absorbing Boundary Conditions

Implicit Scheme

Fully Implicit Scheme for the Dumping Terms (1)

PML Equations - Yee scheme except for the dumping term taken fully implicitely - Electric field update



E
i−1/2,j,k,n+1
xy = α

j
y E

i−1/2,j,k,n
xy − γi,j,ky j

i−1/2,j,k,n+1/2
T,x

/2

+ β
j
y

s∑
m=1

Cm

(
Bi−1/2,j−1/2+m,k,n+1/2
z − Bi−1/2,j−1/2−m+1,k,n+1/2

z

)
E
i−1/2,j,k,n+1
xz = αk

z E
i−1/2,j,k,n
xz − γi,j,kz j

i−1/2,j,k,n+1/2
T,x

/2

− βkz

s∑
m=1

Cm

(
Bi−1/2,j,k−1/2+m,n+1/2
y − Bi−1/2,j,k−1/2−m+1)/2,n+1/2

y

)
E
i,j−1/2,k,n+1
yz = αk

z E
i,j−1/2,k,n
yz − γi,j,kz j

i−1/2,j,k,n+1/2
T,y

/2

+ βkz

s∑
m=1

Cm

(
Bi,j−1/2,k−1/2+m,n+1/2
x − Bi,j−1/2,k−1/2−m+1,n+1/2

x

)
E
i,j−1/2,k,n+1
yx = αi

x E
i,j−1/2,k,n
yx − γi,j,kx j

i−1/2,j,k,n+1/2
T,y

/2

− βix

s∑
m=1

Cm

(
Bi−1/2+m,j−1/2,k,n+1/2
z − Bi−1/2−m+1,j−1/2,k,n+1/2

z

)
E
i,j,k−1/2,n+1
zx = αi

x E
i,j,k−1/2,n
zx − γi,j,kx j

i−1/2,j,k,n+1/2
T,z

/2

+ βix

s∑
m=1

Cm

(
Bi−1/2+m,j,k−1/2,n+1/2
y − Bi−1/2−m+1,j,k−1/2,n+1/2

y

)
E
i,j,k−1/2,n+1
zy = α

j
y E

i,j,k−1/2,n
zy − γi,j,ky j

i−1/2,j,k,n+1/2
T,z

/2

− β
j
y

s∑
m=1

Cm

(
Bi,j−1/2+m,k−1/2,n+1/2
x − Bi,j−1/2−m+1,k−1/2,n+1/2

x

)

with ∀ξ ∈ {x, y, z}, αi,j,k
ξ

=
1

1 + σ
i,j,k
ξ

∆t/2
, β

i,j,k
ξ

=
c ∆t/∆ξ

1 + σ
i,j,k
ξ

/2
and γ

i,j,k
ξ

=
c ∆t

1 + σ
i,j,k
ξ

/2
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Implicit Scheme

Fully Implicit Scheme for the Dumping Terms (2)

Implicit Scheme

0 Êp,q,r,0
xy = Êp,q,r,0

xz = Êp,q,r,0
x /2, Êp,q,r,0

yx = Êp,q,r,0
yz = Êp,q,r,0

y /2 etc...

1 B̂p,q,r,n+1/2,∗ = B̂p,q,r,n,∗ −
∆t

2
c
(
ιkp,q,r

)
× Ê

p,q,r,n
T

2 B̂
p,q,r,n+1/2
ξζ

= IDFT


1

1 + σ
i,j,k
ζ

∆t/2
DFT

{
B̂
p,q,r,n+1/2,∗
ξζ

}i,j,k


p,q,r

3 Ê
p,q,r,n+1,∗
T

= Ê
p,q,r,n,∗
T

+ ∆t c
(
ιkp,q,r

)
× B̂p,q,r,n+1/2 − ∆t af ĵ

p,q,r,n+1/2
T

4 Ê
p,q,r,n+1
ξζ

= IDFT


1

1 + σ
i,j,k
ζ

∆t/2
DFT

{
Ê
p,q,r,n+1,∗
ξζ

}i,j,k
p,q,r

5 B̂p,q,r,n+1,∗ = B̂p,q,r,n+1/2,∗ −
∆t

2
c
(
ιkp,q,r

)
× Ê

p,q,r,n+1
T

6 B̂
p,q,r,n+1
ξζ

= IDFT


1

1 + σ
i,j,k
ζ

∆t/2
DFT

{
B̂
p,q,r,n+1,∗
ξζ

}i,j,k
p,q,r

7 Êp,q,r,n+1
x = Êp,q,r,n+1

xz + Êp,q,r,n+1
xy , Êp,q,r,n+1

y = Êp,q,r,n+1
yx + Êp,q,r,n+1

yz etc...

Steps 1, 3 and 5 actually concerns the splitted PML components Êp,q,r,n
xy , Êp,q,r,0

xz etc... and NOT the common fields!

It has been written like this just for illustrating the scheme more efficiently.
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2D Academic Case : Cylindrical Waves

Initialization

Nominal Simulation Parameters

2D

Filter used with ax = ay = .912871

Electromagnetic units (c = 1)

4 MPI nodes and 2 OpenMP threads per node

Lx = Ly = 128

δ = 30

∆x = ∆y = 1

Lt = 128

af = 1

Best PML conductivity expression for the FTFD Yee Scheme 1


σx (x) = σm

( ∣∣x − xI
∣∣

δ

)β

σy

(
y
)

= σm


∣∣∣y − y

I

∣∣∣
δ

β where

3 ≤ β ≤ 4 and σm =
α ln 10 (β + 1) c

2δ
= 0.8 (β + 1) c

1 Computational electrodynamics, the FDTD method,
A. Taflove and S C Hagness, Eq. (7.62) and (7.66)

Electrical Current Density Initialization and Expected Solutions

j
i,j,k,n
T

=

 j
0

sin
(
ω0tn

)
ez if

{
63 ≤ xi ≤ 65
63 ≤ y

j
≤ 65

0 else

with ω0 = 1 and j
0

= −10.

⇒



E
i,j,k,n
T,r

= 0

E
i,j,k,n
T,z

≈
k0

∣∣∣ri,j,k−r0

∣∣∣�1

E0√∣∣∣ri,j,k − r0

∣∣∣ cos
(
ω0tn − k0

∣∣∣ri,j,k − r0

∣∣∣)

B
i,j,k,n
r ≈

k0

∣∣∣ri,j,k−r0

∣∣∣�1

E0√∣∣∣ri,j,k − r0

∣∣∣ sin
(
ω0tn − k0

∣∣∣ri,j,k − r0

∣∣∣)

B
i,j,k,n
z = 0

with E0 = af j0
/ω0 = 10, r0 = (64, 64) and k0 = ω0/c = 1.
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Periodic versus Absorbing

Ez (left), Bx (middle) and By (right) with periodic (top) and PML-Yee (bottom) boundary conditions
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